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Computational Study of the Flow in a
Spinning and Nutating Cylinder

Thorwal Herbert* and Rihua Lit
Ohio State University, Columbus, Ohio 43210

Artillery shells with liquid payloads may experience severe flight instability owing to the moments exerted by the
viscous fluid motion in a cylindrical payload container. Incorporation of these moments into flight simulations as
a routine design tool requires a highly efficient code for solving the Navier-Stokes equations. We describe a spectral
collocation method based on Chebyshev-Fourier-Chebyshev expansions in the radial, azimuthal, and axial direction.
The method exploits the symmetries of the problem. By using a volume approach and an analytical result by
Rosenblat, accurate moments are obtained in small fractions of the time required by other codes. Solutions for
steady motion are presented and compared with numerical and experimental data.

Introduction

G YROS and rotating fluids often exhibit unexpected
behavior. In the past, it has been recognized that spin-

stabilized shells with liquid payloads can suffer dynamical
instability originating from resonance with inertial waves.1
Since this phenomenon is basically inviscid and is routinely
avoided by proper design, it was surprising to observe in some
cases another type of instability that is characterized by an
increase in the nutation (or yaw) angle and a simultaneous
loss in the spin rate. The rapid drop in spin rate is clearly a
viscous phenomenon, and laboratory experiments, computa-
tional results, and field tests have meanwhile shown that this
instability is caused by the nutation-induced fluid motion in a
certain range of relatively small Reynolds numbers. Although
in special cases this instability has been overcome by trial and
error, the future design of reliable projectiles would profit
from the opportunity to calculate the liquid moments and to
account for these moments in flight simulations. The empiri-
cal data base2 is sparse, however, and the computational
methods in use3"6 are rather demanding. An evaluation and
verification of the codes by Vaughn et al.4 and Strikwerda and
Nagel5 are currently being conducted by BRL.7 Typical com-
puter times for a single case are in the range of 6-12 hr on
VAX-class machines. Six-degree-of-freedom flight simula-
tions8 typically use 2 x 105 time steps over the flight time of
the order of 30 s. The study of the interaction of the interior
fluid motion with the exterior aeroballistics consequently re-
quires either a very fast subroutine for calculating the liquid
moments or interpolation in a multidimensional table of
500-10008 precalculated values. Hence, flight simulations for
liquid-filled shells are currently a very expensive tool and are
not ready for routine applications.

In previous work,9 we conducted a theoretical analysis that
aimed at the origin of the viscous despin (negative roll)
moment in cylinders of large aspect ratio. This analysis
showed that the deviation from solid-body rotation is gov-
erned by a small parameter, e = (Q/co) sin0, involving the
nutation rate Q, the nutation angle 0, and the spin rate co. A
solution of the linearized equations was developed for a
finite-length segment of an infinitely long cylinder, i.e., dis-
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regarding the end walls of the cylinder. The velocity field and
viscous components of the moments were obtained in closed
form. The velocity field consists only of an axial component
of order O(s) that is the prominent feature of the fluid motion
in slender cylinders and produces a negative roll moment of
order O(s2) owing to Coriolis forces. Although this roll
moment is in reasonable agreement with experimental and
computational data, the original analysis accounted only for
the viscous part of the yaw and pitch moments. These latter
moments contain essential contributions of the pressure4 that
originate from the turning of the flow near the end walls and
were not captured by linear analysis. The effect of nonlinear-
ity was studied10 by using perturbation expansions in e and
was found to be small except for an aperiodic streaming term
in the azimuthal direction.

The perturbation approach provided valuable insight into
the structure of equations and solution. The analytical work
suggests the use of a numerical method that exploits 1) the
near-linearity of the governing equations and 2) the smooth-
ness of the solution in the relevant range of Reynolds num-
bers. We have therefore pursued a simple concept that is open
to further refinements. We use Chebyshev-Fourier-Cheby-
shev expansions in r, 0, and z, respectively, and convert the
nonlinear equations into an algebraic system for the expan-
sion coefficients. Linearization can be performed about the
trivial solution or any other known solution, e.g., at neighbor-
ing parameters. The solution of the linear algebraic system is
used as an initial approximation for iterative improvement by
the modified Newton method. The feasibility of this approach
has been demonstrated11 with a crude spectral approximation
to the solution. Problems in calculating the pressure that can
arise from the invalidity of the basic equations along the joint
of the flat end walls to the cylindrical side wall have mean-
while been overcome.12 The present version of the code
exploits the diametral symmetry of the flow about the center
of the cylinder and allows for higher resolution at modest
CPU times. This version can also be adapted for the analysis
of unsteady problems. A dramatic increase in efficiency has
recently been achieved13 by combining an analytical result of
Rosenblat et al.6 with a volume formulation for calculating
the liquid moments. The moments can be obtained from only
the simply periodic components of the axial velocity and the
azimuthal streaming term. A fast subroutine for flight simula-
tions exploits the analytical results. For more accurate stud-
ies, complete tables of moments can be calculated in a few
hours on an engineering workstation.

Governing Equations
We consider the steady motion of a fluid of density p and

viscosity 11 in a cylinder of radius a and length 2c in an
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Fig. 1 Definition sketch.

aeroballistic coordinate system x,y,z, where z is the axis of the
cylinder, as shown in Fig. 1. The inertial axis Z in flight
direction and the z axis enclose the nutation angle 0. The
cylinder rotates with the spin rate co about z, whereas the
x,z plane rotates with the nutation rate Q about the Z axis, co
and Q are constant. All quantities are made nondimensional
using a, co, and p for scaling length, time, and mass, respec-
tively. The solution depends on four nondimensional parame-
ters: aspect ratio r\ = c/a, nutation angle 9, frequency
T = Q/co, and Reynolds number Re = pcoa2/ii. The aspect
ratio enters the solution only through the boundary condi-
tions at the end walls of the cylinder. The motion is subject to
the no-slip and no-penetration conditions at the cylinder
walls. Since the velocity field degenerates for either
co = 0, Q = 0, 6 = 0, or // -» oo to rigid-body rotation of the
fluid, it is appropriate to concentrate on the deviation vd of
the velocity from rigid-body rotation

V = (la, Ib)

where e^ is the azimuthal unit vector. The boundary condi-
tions on vd are homogeneous. The pressure field is split
according to

P=P'+Pa, Pr = [r\ 1 + Tj2 + + z V] - rzrrtz

(2a, 2b)

where ir = — e cos</>, T^ = £ sin0, iz = i cos0, £ = T sin0. The
pressure pr differs from the pressure in rigid-body rotation.
The form of pr is chosen such that a force term appears only
in the z-momentum equation.

In cylindrical coordinates r,</>,z, the equations for the veloc-
ity components vd =(vr,v<i>,vz) and pressure pd take the form

— - 2 ( 1 +

dr Re
vr 2 dv.

D'vz

Re
dpd 1

rv^ ~ li<t,vr = —— - 2rrr + —- D"vzoz Re

(3a)

(3b)

(3c)

(3d)

The primary effect of nutation is the </> -periodic force term
— 2rir = 2er cos(/> in the z-momentum equation (3d). For
£ = 0, Eqs. (3) have the trivial solution 1^=0, pd=Q. The
system supports the following symmetries:

^(r,</> 4- n, - z) = i^(r,(/>,z)
(4a, b)

+ n, - z) = vr(r,(t>,z\

+ 7i, - z) = -vz(r^z r^ + n,-z) = pd(r
(4c, d)

Therefore, it is sufficient to obtain a solution in the half-cylin-
der, z > 0, with appropriate symmetry conditions at z = 0.

Some Analytical Results
The steady flow in a relatively long cylinder (aspect ratio

rj > 4) at a low Reynolds number is expected to exhibit little
axial variation over most of the cylinder length. Previous
work9 has therefore relaxed the boundary conditions at the
end walls and studied the steady flow in a finite segment of an
infinitely long cylinder.

In the physical situations of interest, e = (Q/co) sin0 is a
small parameter, and consequently, it is reasonable to pursue
a perturbation expansion in s. This provides vd in the form

(5)

and similar expressions for pd. The development of expres-
sions for the expansion coefficients v(n) from Eqs. (3) leads to
an alternating pattern

«<»> = n odd
n even

and the components of v(n) take the form
n/2

r l_t \ nm
m= 1

n/2

-i2m(f>\

, («)_ V
z — /.

i(2m -! > ,
'

-/(2m

(6)

(7a)

(7b)

(7c)

where the tilde denotes the complex conjugate. The aperiodic
term in v^ is suppressed by the continuity equation. The
r-dependent coefficient functions in Eqs. (7) are required to
satisfy homogeneous boundary conditions at r = 1 and to be
finite at the axis r — 0.

The axial velocity at order O(s) can be found in analytical
form

(8)

where 7\ denotes the modified Bessel function, and
a = (1 + i)(Re/2)1/2. This solution is valid for arbitrary
Reynolds number but may be unstable as Re exceeds some
critical value. This component is the dominating feature of the
flow in a long cylinder. The interesting properties of the asso-
ciated flowfield are discussed by Herbert.9

At order O(e2), a comparison of the equation for v2o with



1598 T. HERBERT AND R. LI AIAA JOURNAL

the imaginary part of the equation for wn immediately shows
that the aperiodic component of the azimuthal velocity is

(9)

The <j> -periodic components are governed by a coupled set of
inhomogeneous differential equations with variable co-
efficients. With some effort, the radial velocity component of
O(e2) can be found in closed form.10 In view of the effort
involved in deriving the analytical result and the ultimate
need to determine certain coefficients numerically, the differ-
ential equations for the third-order components were solved
by means of a spectral collocation method.

The motion is governed by the axial component wn at
order O(s). Of the higher-order terms, only the aperiodic term
v20 is substantial. In the cylinder's center section, these terms
are in good agreement with computational results. All the
other terms are not only of order O(l) but are in fact less than
unity, assuring rapid convergence of the perturbation series.
The contribution of w31 to the despin moment is negligible.
The (/> -periodic terms oscillate about zero as r varies between
0 < r < 1 . The accurate representation of single high-order
terms by a radial Chebyshev series may require numerous
expansion functions. For the total velocity field, however, the
error in representing these terms is of little importance. At
Reynolds numbers in the range of maximum despin moment,
reasonably accurate approximations can be obtained with
only a few polynomials in the radial direction. In the az-
imuthal direction, the solution is governed by terms periodic
in 0 and by the aperiodic term v2Q. Fourier series with three
or five modes, therefore, provide approximations of sufficient
accuracy for practical purposes. The perturbation analysis
clearly shows that the main features of the flow are governed
by the linear O(e) part of Eqs. (3) with small corrections for
nonlinearity. This property will not change for a finite-length
cylinder.

Spectral Approximations
The results of the analytical work suggest that a good

approximation to the flow in a finite cylinder can be obtained
by solving linearized versions of Eqs. (3). Linearization can be
performed in different ways. The first is a linearization in e.
Besides Eqs. (4), the resulting equations support the addi-
tional symmetries

The azimuthal collocation points are equidistant

(lOa, lOb)

These relations permit useful checks on the results of the
spectral code. A second linear system can be obtained by
linearization in the components of vd. This linearization re-
tains coupling terms such as 2r0t;z in Eq. (3b) that destroy the
symmetries (10). The second system can be considered a
special case with vd = 0 of a linearization about some known
solution vd. The latter procedure is very efficient if the solu-
tion is sought for a densely spaced sequence of parameter
combinations as in flight simulations.

The algebraic form of the equations is obtained by the use
of spectral collocation. The velocity components are expressed
in the form

<v= I I I uunRM ( ID
= 1 /= 1 m = 1 Y//

with similar expressions for v^ vz, and pd. The azimuthal
functions are

cos ——- 0, / odd

sin - 0, / even
(12)

(13)

and L is odd.
In a first version of the code, radial and axial collocation

points are located at the maxima of the highest Chebyshev
polynomials (Gauss-Lobatto points). The boundary condi-
tions are implemented by replacing three of the four differen-
tial equations in the boundary points. The question then is
which equation should be retained and where the condition
on the pressure, e.g., pd = Q, should be applied. Trial and
error leads to numerous cases with ill-determined matrices or
a zero determinant. In other cases, a correct solution for the
velocity field is obtained, but the pressure contains a nonphys-
ical spurious term. The spurious term vanishes in all colloca-
tion points except the corners, where it may assume arbitrary
values. Problems with spectral calculations of the pressure in
closed domains with corners are well-known, but the reports
on their origin and methods for solution are rather unspecific.
A detailed analysis reveals that spurious terms can be system-
atically suppressed by retaining in the corners one of the
momentum equations that contain the derivative of the pres-
sure in the direction of the boundary.

In a second and final version of the spectral code, the
problems of the pressure calculation have been avoided by
using a different set of collocation points (Gauss points). The
expansion functions in the radial and axial direction depend
on the index / and may be different for the variables vr, v^ vz9
and pd. They are combinations of even or odd Chebyshev
polynomials such that 1) the homogeneous boundary condi-
tions are implicitly satisfied, 2) the symmetry conditions (4)
are satisfied, and 3) the limit value of the variables for r -> 0
(i.e., the value on the axis) is independent of (/>. The colloca-
tion points are

rk = sin -71,

2m - 1
4M

m = 1,2,...,M

(14a)

(14b)

Since 0 < rk, no points are located on the axis. Also, rk < 1,
zm<r\, such that no points are located on the surface. The
points in the radial and axial direction are concentrated near
the boundary such that high resolution in this region is
obtained without additional coordinate stretching. Thus, the
boundary layers forming at higher Reynolds number can be
resolved by slightly increasing K and M.

The spectral collocation method converts the linear system
of partial differential equations derived from Eqs. (3) into an
algebraic system of dimension N = 4 • K • L • M for the co-
efficients ukim, vklm, wklm9 and pklm of i?r, v^ vZ9 and pd,
respectively. The linear system for the expansion coefficients is
solved by Gauss elimination with partial pivoting. The sub-
routine used retains all data required to solve the same system
with a new right-hand side without repeating the costly
reduction of the matrix to upper triangular form. Once the
solution is obtained, a new right-hand side is formed taking
the nonlinear terms into account and the system is iteratively
solved until sufficient accuracy is achieved. The procedure is
equivalent to the modified Newton iteration (without up-
dating the Jacobian in every step) and converges rapidly since
the nonlinear corrections to the velocity are small while the
pressure appears linear in Eqs. (3).

Results for Velocity and Pressure
In the following, we present some results for the velocity

and pressure fields at 9 = 20 deg, T = 0.16667, and r\ = 4.368
that result in £ =0.057. The results are for K = 6, L = 5, and
M = 8, and consequently, TV = 960. The calculation of a
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Fig. 2 Vector plot of the axial and radial velocities in the planes
4>=45 deg (left, scale 0.075) and 4> = 135 deg (right, scale 0.0375) at
Re = 20 for z ^ 0.

Fig. 3 Contour plot of the pressure field in the planes </> = 45 deg (left)
and $ = 135 deg (right) at Re = 20 for z > 0. Levels every 0.0025.

single solution with this resolution requires about 2 min on a
Cray-IS. Figure 2 shows the axial and radial velocities in the
planes </>=45deg and </> = 135deg at /te = 20. Only the
upper half, z > 0, of the cylinder is shown; the lower half is
governed by the symmetries (4). The scale values give the
velocity per unit length where the diameter is four units. The
velocity distribution at z = 0 agrees well with the results of the
perturbation analysis and computations with the Sandia
code.3 Near the end walls, the solution is more realistic and
more accurate than the Sandia results. The figure also verifies
the existence of a predominantly axial flow over most of the
cylinder length, except within a region of the order of the
radius near the end wall. Linear and nonlinear velocity distri-
butions are hardly distinguishable. Clearly visible is the turn-

- X

Fig. 4 Vector plot of the azimuthal velocity v^ in the center plane at
z=0, to =20. Scale 0.003.

l / / "

\ x

Fig. 5 Vector plot of the axial and radial mean velocity
20. Scale 0.002.

for

ing of the flow near the end wall. Although the flow appears
steady in the coordinate system chosen, the velocity field
describes, in fact, an oscillatory motion of fluid elements
about the near-circular orbit.

The pressure distributions for the same case are shown in
Fig. 3 with the heavy lines indicating positive values. Remark-
able is the formation of regions of high and low pressure in
the corner near <t> « 45 deg and 0 w 135 deg, respectively, that
produce large contributions to the moments about the x and
y axes. Except in this region near the end walls, the variation
of the pressure is relatively weak. The azimuthal position of
the pressure extremum changes from <t> = 0 for small values of
Re to 0 = 90 deg as Re -»oo.

The dominant components of velocity and pressure fields
are azimuthally periodic with period 2n. The harmonics are
small, indicating the small effect of nonlinearity in the range
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of low Reynolds numbers. The only important nonlinear term
is the aperiodic mean flow. This is clearly shown by Fig. 4
that gives the azimuthal velocity in the center plane z = 0. The
aperiodic component is opposite to the rigid-body rotation
and exerts a negative roll moment through the wall-shear
stress ir<i>. The axial and radial mean velocity field is given in
Fig. 5. This streaming term exhibits a toroidal motion near
the end in each half of the cylinder and causes a slow drift of
fluid elements with respect to circular orbits. This mean
velocity produces the symmetric pattern in flow visualiza-
tions14 at low Reynolds numbers.

At the higher Reynolds number Re = 300, the maximum
axial velocity appears at $ « 90 deg. As shown in Fig. 6, the
flow in the plane 0 = 90 deg breaks up into two swirls, one in
each half of the cylinder, with little flow across the plane

Fig. 6 Vector plot of the axial and radial velocities in the planes
<£=0deg (left, scale 0.05) and <£=90deg (right, scale 0.2) at
Re =300 for 2 ^ 0.

z — 0. Three weak swirls develop in the plane $ = 0 such that
the velocity field is reminiscent of a chain with five links.
Notably, the breakup into cells is restricted to an inner region
of the cylinder. The motion in the pronounced boundary layer
visible in the plane 0=0 does not follow the cellular struc-
ture and may have a direction opposite to the core flow. The
pressure variation is characteristically different from that at a
low Reynolds number. Figure 7 shows the strong variation
and formation of an almost symmetric pattern along the
cylinder in the plane 0=0, whereas the variation at
0 = 90 deg is rather weak. This pressure field explains the
void observations of Miller15 that show a wavy distortion of
the void in the plane 0 = 0 at high Reynolds numbers. The
free surface in these observations can be interpreted as a
surface of constant total pressure. The steep and opposite
pressure gradients across the cylinder axis near z/rj — 0.25 and
z/rj = 0.75 displace the void near these positions in opposite
directions along the diameter at </> « -15 deg as shown in
Fig. 8.

Quantitative measurements of the flow variables are avail-
able only for the pressure at different radial positions at the
end walls for either very high (too high for direct Navier-
Stokes solution) or very low Reynolds numbers. The measure-
ments were made at a small nutation angle of 6 = 2 deg such
that nonlinear effects are negligible. Figure 9 compares the
results of the spectral code with the experimental data of
Hepner et al.16 and numerical results of the spatial eigenfunc-
tion method of Hall et al.17 reported in Ref. 16. Hepner et al.
use the inertial spin rate co + Q cos0 for reference and define
the pressure coefficient as

c _
0pa2(co+Qcos0)2 (15)

where A/? is the amplitude of the pressure fluctuation recorded
by a transducer at r = 0.667. Although the Reynolds number
in their notation is fixed at Re' = 3.1, it varies in our notation
with T or T' = i/(l + TZ). Figure 9 shows good agreement of
the numerical results. The minute differences near T' = —0.4
are likely due to using only 10 eigenfunctions in their numer-
ical work. The origin of the deviation between the numerical
and experimental data has not been revealed by Hepner et al.

Fig. 7 Contour plot of the pressure field in the planes <f> =0 deg (left)
and ^ = 90 deg (right) at Re = 300 for z > 0. Levels every 0.005.

Fig. 8 Contours of constant total pressure in the plane </> = —15 deg
for Re = 300 showing the characteristic wavy distortion near the axis as
the void observations of Miller (Ref. 15). Levels every 0.03.
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Fig. 9 Pressure coefficients Cp as a function of the nutation rate
T' = T/(! + TZ) and /?<?=3.1/(1+TZ)2. Results of the spectral code
(solid line), numerical results (+) of Hall et al. (Ref. 16), experimental
data (O) of Hepner et al. (Ref. 16), and approximation
Cp = 1.017T' + 1.355T'2 (dashed One).

Hepner et al. observe "a nonlinear dependence upon T',
resembling the leading edge of a resonant response curve."
The form of this curve is clearly revealed in our analysis. To
within a small change of less than ±1.5% caused by the
variation in Re, the pressure pd owing to the internal fluid
motion is proportional to s = T sin0 « T0 and assumes an
extremum near </> = 0. Equation (2b) provides the pressure
amplitude at <f> = 0 as pr «r//T20. Therefore, Cp can be ap-
proximated as

c\ >C2 = const. (16)

as shown by the dashed line in Fig. 9.

Calculation of the Liquid Moments
The conservation of angular momentum for the steady flow

in a control volume V with surface S rotating with constant
rate Q about a fixed axis requires

M = (r x F) dS = I r x (2Q x v)p dV
js

- I r x x (Q x r)]p dV + (rx v)p(v - dS) (17)
'

where the velocity v is measured relative to the aeroballistic
frame. On the left-hand side, M is the resultant torque on the
control volume, r the position vector, and F the stress acting
on the cylinder. The presence and meaning of certain terms
depend on the choice of the control volume. The surface
integral on the right-hand side of Eq. (17) vanishes if the
surface of the control volume is closed.

For ease of practical application, we express the moment
M = (Mx,My,Mz) in terms of Cartesian components that
provide yaw, pitch, and roll moment, respectively. As an
analogue to Eq. (1), we decompose the moments into

where Mr corresponds to the pure rigid-body motion,
whereas Md originates from the deviation velocity and pres-
sure. For the cylindrical control volume, the rigid-body rota-
tion causes only a pitch component

whereas Mr
x =Mr

z=Q. Note that M is dimensionless; the
reference moment is pa5co2.

The evaluation of the components of Md bears some ambi-
guity that can be exploited for advantages. Previous computa-
tional work3"6 employed a control volume consisting of an
"empty" closed cylinder with only the pressure and stresses
acting on the inside surface. In this case, the right-hand side
of Eq. (17) vanishes and the moments are obtained from the
stresses F at the inside wall of the control volume. Here, we
use a different choice that bears great advantages especially
for computational work.

We consider a control volume consisting of a solid cylindri-
cal surface completely enclosing the liquid. The moment
calculation for this "full" control volume rests on the relation

-I r x (2il x r> dV (20)

Using analytical relations derived by Rosenblat et al.,6 we can
show that the components Md take the form

Md
x= -^

where

z(vr cos0 — VQ sin</>)r dr dcf) dz

^
: 2 . K

^ = - vz sir dr d(j) dz

Finally, we obtain the moments in the form

2£
Md =

tan0 J-r, Jo JO

f»7 f2n fl
d _ p \ „ ,2^ — £ y</>r

J-^7 Jo JO

J-n Jo Jo

2e
tanfl

r2 cos0 dr d(/> dz

dr d(/> dz

dr d(/> dz

d
2 = Md

x tan0

(21a)

(21b)

(21c)

(22a)

(22b)

(22c)

(23a)

(23b)

(23c)

M = M' + M" (18)

The volume integral approach thus leads to handy expressions
that involve only the radial and azimuthal velocity compo-
nents. Integration over d</> reduces the requirements, in fact,
to the knowledge of the aperiodic component of v^ and the
simply periodic components of vz. Therefore, the volume
approach can also be applied to the analytical results just
given and provides yaw and pitch moments without explicit
knowledge of the pressure.

Results for the Liquid Moments
While velocity and pressure fields are primarily of basic

fluid mechanical interest, the practical need for the moments
dictates the measure for efficiency of the code. The moments
derived from the volume approach and the surface approach
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Table 1 Volume approach for the moments at 17 = 4.368, r = 0.1667,
0 = 20, Re =20

.25

K M My

3
4
5
5
6
6
4
5
6
6

3
3
3
3
3
3
5
5
5
5

3
4
5
6
5
6
4
5
6
8

0.08305
0.08260
0.08300
0.08317
0.08300
0.08317
0.08280
0.08322
0.08340
0.08335

0.07475
0.07334
0.07332
0.07353
0.07332
0.07353
0.07353
0.07355
0.07374
0.07385

0.03023
0.03006
0.03021
0.03027
0.03021
0.03207
0.03014
0.03029
0.03035
0.03034

Table 2 Surface approach for the moments at ij =4.368, t =0.1667,
0 = 20, lte=20

K

3
4
5
5
6
6
4
5
6
6

L

3
3
3
3
3
3
5
5
5
5

M

3
4
5
6
5
6
4
5
6
8

M,

0.07394
0.07247
0.07904
0.08178
0.07864
0.08137
0.07289
0.07894
0.08152
0.08289

My

0.09396
0.08133
0.07291
0.07039
0.07354
0.07115
0.08354
0.07700
0.07491
0.07415

Mz

0.03308
0.02992
0.03024
0.03028
0.03023
0.03027
0.02999
0.03032
0.03036
0.03034

.04

— Spectral Code
A Rosenblat et al.
-I- Vaughn et al.
O Miller, exp.

-1
log (Re)

Fig. 10 RoU moment M, vs Reynolds number Re for 17 =4.368,
T = 0.16667, and 0 = 20 deg. Comparison with numerical and experi-
mental data.

applied to the same spectral solutions are shown in Tables 1
and 2, respectively. The Reynolds number Re = 20 is in the
range of maximum despin moment Mz.

It is obvious that the volume approach provides results of
superior quality and more rapid convergence. The required
(absolute) accuracy of 10~3 for engineering applications can
be achieved with the low truncation K = 4, L = 3, M = 4.
This accuracy has to be seen in the light of considerable
uncertainty in the moments governing the exterior aero-
dynamics of the projectile. As a rule of thumb, an increase
in the aspect ratio requires additional expansion functions in
the axial direction, whereas increasing the Reynolds num-
ber requires higher resolution in both the radial and axial
directions.

Figure 10 compares the calculated roll moments for a wide
range of Reynolds numbers with the experimental results of
Miller2 and with computational results.4-6 The deviation of

— MX. My. Spectral Code
A MX. Rosenblat et al.
+ My. Rosenblat et al.

log (Re)
Fig. 11 Yaw moment Mx and pitch moment My vs Reynolds number
Re for r\ =4.368, T =0.16667, and 0 =20 deg. Comparison with nu-
merical data.

--- Analytical
—— Spectral Code

O Nusca et al.

eta
Fig. 12 Yaw moment Mx and pitch moment My per unit length vs
aspect ratio i; at Re —10, T = 0.16667, and 6 =2deg. Comparison of
present numerical results with analytical results for ly -* oo and data
obtained by Nusca with Strikwerda's code.

the results of the Sandia code4 is caused by using inappropri-
ate formulas for the moments in the nutating coordinate
system.7 The agreement with the other computational data is
good. Test runs with high resolution suggest that the small
difference from the results of Rosenblat et al.6 is due to the
lower resolution of the finite-element code in combination
with the application of the surface approach for the moments.
The experiments were made in a range of spin rates co
between 2000 and 4000 rpm. Although CD = 3000 rpm has
been used in Fig. 10, the assumption of a lower value would
improve the comparison with respect to the maximum values.

Figure 11 shows a similar comparison for the yaw and pitch
moments. The results of the Sandia code are suppressed since
they suffer from a dimensional inconsistency.7 Although the
agreement for the yaw moment at high Reynolds numbers is
surprisingly good, the deviation in the pitch moment is likely
to originate from insufficient resolution of the steep pressure
gradients. This effect of discretization errors has been reduced
in the spectral code by using the volume approach for calcu-
lating the moments.

Figure 12 shows the dependence of the yaw and pitch
moments per unit length (the roll moment is proportional to
Mx) on the aspect ratio of the cylinder and compares with
results of the code written by Strikwerda and Nagel5-7 and the
analytical results for rj -> oo. This diagram indicates that a
reduction in the overall liquid moments for a given fluid mass
can be achieved by splitting the cylindrical volume into slices
of low aspect ratio.
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Discussion
The codes previously in use may serve for establishing some

basic results but are to inefficient for routine applications.
The finite-difference code developed at Sandia Laboratories3-4

rests on Chorin's method of artificial compressibility and
provides the steady solution at 11 x 24 x 21 grid points in the
r,c/>,z direction by integrating over typically 104 to 8 x 104

time steps, a task that requires 6 to 48 min of CPU time on a
Cray-IS. The result consists of over 22,000 values of the
velocities vr, v^, vz and the pressure p at the grid points.

Strikwerda and Nagel5 briefly describe a code using finite
differences in the radial and axial direction and pseudospec-
tral differencing in the azimuthal direction. Nonuniform grids
are introduced for increased resolution near the walls. The
difference equations are solved by an iterative method based
on successive overrelaxation. The computer time required is
comparable to that of the Sandia code. A thorough evalua-
tion of the two codes is currently being conducted at BRL.7

The experience with the present version of the spectral code
shows that high performance can be achieved. The solution is
obtained in semianalytical form with only N = 4 • K • L - M
(typically less than 500) numerical coefficients. This low data
volume is especially attractive for storage and for communica-
tion with remote supercomputers. The code is very well suited
for vectorization, since practically all CPU time is spent on
constructing and solving an algebraic system. The code de-
mands larger memory than other codes, because 64-bit arith-
metic is highly recommended for spectral methods in general,
and the algebraic system requires N(N +1) words of storage.
A run with N = 500 requires about 2 Mbyte of memory and
can easily be carried out on engineering workstations within a
few minutes, whereas moment calculations with TV = 192 are a
matter of seconds. Since the memory requirement is accept-
able even if higher resolution is desired, the method applied
here is a viable alternative in numerous other fluid mechanical
problems. The ability to obtain accurate solutions for the
steady problem directly from (large) algebraic systems bears
valuable potential to answer the question whether the steady
solution is stable and allows the analysis of unsteady motions
with implicit time stepping. The design of a reliable code for
the unsteady problem can profit from the knowledge of the
eigenvalue spectrum for small unsteady disturbances of the
steady flow.

Although the calculation of velocity and pressure fields
provides insight into the physics of the flow, the practical
interest in the moments for the quasisteadily changing
parameters in flight simulations can be satisfied with modest
amounts of computer time. This is due to using a modified
Newton method that updates the Jacobian only when de-
manded by deteriorating convergence.

In general, the volume approach provides much more accu-
rate results than the surface approach. This improvement is
due to the additional smoothing of fluctuating data by inte-
grating over three instead of two space directions and to using
fewer, less fluctuating, and more accurate input data. The
absence of vr in the volume formulation is welcome. This
velocity component is small over most of the cylinder length
but is oscillatory in the radial direction10 with considerable
gradients near the wall. Near the end walls, vr is of the same
order as vz with steep gradients toward the end wall. Inspec-
tion of the velocity plots of Vaughn et al.4 indicates that these
gradients were difficult to resolve by the finite-difference
method. The aperiodic component of v^ is a relatively small
streaming term of smooth and almost uniform behavior along
the cylinder axis. The large azimuthally periodic components
of v$ near the end walls do not affect the moment calculation.

Probably the greatest advantage of the volume formulation
is the absence of pressure from the moment equations. This
property favors the use of pressure-free sets of basic equa-
tions, e.g., in terms of vorticity or vector potential. The
smaller number of dependent variables can be exploited for
further increasing the efficiency. Even in natural variable

formulations, the pressure is difficult to obtain with high
accuracy because of the invalidity of the equations in the
joints of the flat end walls to the cylindrical side wall. As
shown in Fig. 3, the pressure may assume extrema near the
corners and, therefore, inaccuracies in this region may
strongly influence yaw and pitch moment. In this context, it is
instructive to evaluate the convergence history of the artifi-
cially time-dependent method implemented in the Sandia
code.3 Whereas the velocity rapidly reaches a quasisteady
state, about 75% of the iterations are spent on improving the
pressure field. We estimate that by the use of the volume
approach, equivalent or superior values for the moments
could be obtained with less than 20% of the iterations. It is
worthwhile to note that the analytical results of Rosenblat et
al.6 and Eqs. (21) and (22) for the moments are valid for
closed containers of a more general shape and thus can be
used for other interior flow problems.

Our analytical and numerical tools allow quick estimates
and efficient calculation of accurate liquid moments. These
results also suggest guidelines for the suppression of the flight
instability caused by the viscous-liquid payload. For a given
cavity and fluid, a reduction in the overall liquid moments can
be achieved in two ways. The first method is the split of the
cylindrical volume into slices of low aspect ratio. The second
way is the longitudinal split into k2 "straws" of high aspect
ratio kr\. The change of radius reduces the Reynolds number;
this may or may not be desirable. The nondimensional mo-
ment per straw increases due to the increasing aspect ratio.
An essential reduction of the overall moments, however,
originates from the fact that the dimensional moments are
proportional to the fifth power of the radius. The dimensional
factor is therefore reduced by k~5 per straw or £~3 for all
straws together. As a raw estimate, the effective moments can
be reduced by a factor k~~2.
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